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Aging, the dependence of the dynamics of a physical process on the time ta since its original
preparation, is observed in systems ranging from the motion of charge carriers in amorphous semi-
conductors over the blinking dynamics of quantum dots to the tracer dispersion in living biological
cells. Here we study the effects of aging on one of the most fundamental properties of a stochastic
process, the first passage dynamics. We find that for an aging continuous time random walk process
the scaling exponent of the density of first passage times changes twice as the aging progresses and
reveals an intermediate scaling regime. The first passage dynamics depends on ta differently for
intermediate and strong aging. Similar crossovers are obtained for the first passage dynamics for a
confined and driven particle. Comparison to the motion of an aged particle in the quenched trap
model with a bias shows excellent agreement with our analytical findings. Our results demonstrate
how first passage measurements can be used to unravel the age ta of a physical system.
PACS numbers: 72.20.Jv,72.70.+m,89.75.Da,05.40.-a
In their groundbreaking 1975 paper Scher and Mon-
troll introduced the scale-free distribution ψ(τ) ≃ τ−1−α
with 0 < α < 1 of trapping (waiting) times τ for mov-
ing charge carriers in amorphous semiconductors to ex-
plain the measured power-law form of the electrical cur-
rent [1, 2]. This then radical assumption has since then
been verified in numerous systems [3] including the tracer
dispersion in groundwater aquifers [4], the motion of en-
dogenous protein channels and granules in biological cells
[5, 6] and of submicron tracers in structured environ-
ments [7], or the blinking dynamics of quantum dots [8].
The lack of a time scale 〈τ〉 in these systems effects the
disparity between ensemble and time averages of physi-
cal observables (weak ergodicity breaking) [9, 10] and an
explicit dependence of observables on the time span be-
tween the initial preparation of the system and start of
the measurement at ta, the so-called aging [11–13]. Ag-
ing phenomena can be rationalized by particle dynamics
in quenched energy landscapes [14] or logistic maps [15],
and were experimentally observed in biological systems
[5] as well as amorphous semiconductors [16].
Here we present analytical and numerical evidence for
the distinct effects of aging on the first passage prop-
erties of aging systems, i.e., the statistics of the times
when the process first crosses a pre-set value. In the
above examples this is the arrival of charge carriers at
the counterelectrode, giving rise to the decay of the elec-
trical current, the breakthrough of chemical tracers at
some probe location in an aquifer, the arrival of a pro-
tein channel at a specific receptor in a cell membrane,
or for a quantum dot to reach its nth on-state. Our re-
sults for the first passage time density (FPTD) ℘(t) in
systems with a diverging time scale 〈τ〉 exhibit a clear
dependence on the aging time ta in the cases of inter-
mediate and strong aging while ℘(t) is independent of ta
for short aging times. More importantly, progressing ag-
ing changes the scaling exponent of ℘(t) and reveals an
interesting intermediate scaling regime. For biased diffu-
sion we show that our results agree well with simulations
in a quenched energy landscape. Finally we address the
question how first passage measurements can be used to
unravel information on the age ta of the observed system.
In the absence of aging (ta = 0), i.e., when the mea-
surement commences simultaneously with the initiation
of the system at t = 0, the Scher-Montroll continuous
time random walk (CTRW) process with trapping time
density ψ(τ) ≃ τ−1−α and 0 < α < 1 causes free anoma-
lous diffusion of the subdiffusive form 〈x2(t)〉 ≃ Kαt
α,
with the anomalous diffusion coefficient Kα [1, 3]. On
the semi-axis with δ-initial condition at x = 0 the FPTD
to the point x0 associated with this CTRW process reads
℘(t) =
(
Kα
x20
)1/α
lα/2
([
Kα
x20
]1/α
t
)
≃
x0/K
1/2
α
t1+α/2
(1)
in terms of the one-sided Le´vy stable law lα/2(t)
[17]. Its asymptotic expansion shows the power-law de-
cay t−1−α/2 characteristic for unbiased subdiffusion [3].
Eq. (1) follows from the Laplace image [18] ℘(u) =
exp(−x0u
α/2K
1/2
α ) derived in Ref. [19]. In the Brown-
ian limit α = 1, the FPTD reduces to the familiar Le´vy-
Smirnov law with asymptote ℘(t) ≃ x0/[K1t
3/2] exhibit-
ing the famed Sparre-Andersen 3/2 universality [20].
To extend this result for an aged system (ta > 0) we
use the propagator described by the aging CTRW [12, 21]
Pa(k, s, u) = P0(s, u) + h(s, u)[u+Kαu
1−αk2]−1 (2)
in Fourier-double Laplace representation Pa(x, ta, t) →
P (k, s, u) [22]. The major component in the mathemat-
ical description of aging processes is the density h(ta, t)
210-5
10-4
10-3
10-2
10-1
100
100 101 102 103
FP
TD
t
10-14
10-13
10-12
10-11
10-10
10-9
109 1010
FP
TD
t
FIG. 1: Semi-infinite domain. Left: Simulation (blue) and
analytical result (red) for α = 0.75, ta = 100, x0 = 1, and
Kα = 0.5. Right: Different scaling regimes in the long time
limit for ta = 0.1 (black, bottom), ta = 10
7 (green, middle),
and ta = 10
11 (blue, top), with α = 0.6, x0 = 1, Kα = 0.2.
for the so-called forward waiting time t for the occur-
rence of the first step in the random walk process, after
the system aged for ta. Due to the lack of a character-
istic scale of ψ increasingly longer trapping times occur
while the system evolves. Typically, after the aging pe-
riod the system is arrested in such a long trapping state,
thus changing the statistics of the first step to occur, as
given by the distribution h. Its double Laplace transform
is h(s, u) = [ψ(s) − ψ(u)]/([u − s][1 − ψ(s)] [12, 21]. In
Eq. (2) P0(s, u) = [1−sh(s, u)]/(su) is the Laplace trans-
form of the probability P0(ta, t) that no step occurs up to
time t. The splitting into a discrete part for completely
immobile particles and a continuous portion weighted by
the density h is typical for aging CTRW processes [21].
Using the standard method of images [20] and the sub-
ordination trick [3, 23] we find the general closed form
℘a(ta, t) =
(
Kα
x20
)1/α
h(ta, t)⊗ lα/2
((
Kα
x20
)1/α
t
)
(3)
for the FPTD, where ⊗ denotes a Laplace convolution.
This form is very useful for numerical evaluation. The
exact expression for ℘a(ta, t) involves an infinite power
series [24]. In the long time limit (t → ∞) we find the
three scaling regimes
℘a(ta, t) ≃


tα−1a t
−α, ta ≫ t
tαa t
−1−α, ta ≪ t≪ t
2
a
x0K
−1/2
α t−1−α/2, t2a ≪ t
(4)
depending on the severity of the aging. Thus, when aging
is weak, the asymptotic behavior of the non-aged pro-
cess from Eq. (1) is preserved. Remarkably, once the ag-
ing becomes more pronounced, the competition between
the magnitudes of the measurement time t and the aging
time ta effects a change of the scaling exponent of t from
1+α/2 to 1+α at intermediate values of ta, and a further
change to α under strong aging conditions. The crossover
between these scaling regimes is a key signature of scale-
free CTRW processes. Fig. 1 on the left demonstrates
excellent agreement of our analytical result (3) with sim-
ulations of the CTRW process with trapping time den-
sity ψ(τ). On the right of Fig. 1 we confirm the existence
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FIG. 2: Finite domain. Left: Simulation (blue) and analytical
result (red) for α = 0.75, ta = 100, x0 = 1, and Kα = 0.5.
Right: Different scaling regimes in the long time limit for
ta = 0.1 (black, bottom) and ta = 10
7 (green, top), with
α = 0.6, x0 = 1, Kα = 0.2.
of the three different scaling regimes of ℘(t) predicted by
Eq. (4), again observing excellent agreement. Note, how-
ever, that in order to see all three regimes, the variation
of ta needs to be quite large. Thus, depending on the
physical system and the experimental technique not all
three regimes may be detectable. As the first crossover
in Eq. (4) increases the magnitude of the scaling expo-
nent while the second crossover decreases it again, the
FPTD behavior nevertheless provides a new method to
deduce the age ta of an aging system. The discovery of
three distinct scaling regimes and the dependence of the
FPTD on the aging time ta are our first main results.
Finite domain. For the first passage to the bound-
aries of a finite domain the asymptotic scaling of the
non-aged FPTD is ℘(t) ≃ x20K
−1
α t
−1−α [19], i.e., the de-
cay is steeper than in the semi-infinite case. Due to the
divergence of the trapping time scale 〈τ〉, however, the
mean first passage time still diverges, in contrast to the
Brownian case (α = 1), for which ℘(t) has an exponential
cutoff [20]. For the aged system, we again derive ℘a(ta, t)
via the images method. From a convolution similar to
Eq. (3) we find an exact solution in terms of a power
series with Lerch functions [24]. The long-time scaling
℘a(ta, t) ≃
{
tα−1a t
−α, ta ≫ t
(x20/[2Kα] + t
α
a/Γ(1 + α))t
−1−α, ta ≪ t
(5)
emerges, where this time we only observe two scaling
regimes in the measurement time t: at weak aging, the
scaling exponent is 1 + α, which changes to α at strong
aging. Concurrently the aging time does not appear ex-
plicitly as long as ta ≪ (x
2
0Γ(1+α)/[2Kα] )
1/α
. At inter-
mediate aging, the prefactor t−αa enters, while for strong
aging it changes to t−1−αa . Fig. 2 shows excellent agree-
ment with these results. The behavior of the aged FPTD
on a finite domain is our second important result.
Biased diffusion. In many physical systems the motion
of the particle is biased by an external force, for instance,
the electrical field acting on the charge carriers in the
amorphous semiconductor of Ref. [1] or a subsurface wa-
ter stream dragging along the dissolved tracer chemicals
in groundwater aquifers [4]. To explore the effects of an
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FIG. 3: Semi-infinite domain, biased case. Left: Simulations
of quenched trap model (cyan) and CTRW (black), and an-
alytical result (red), for α = 0.5, ta = 100, F = 1, T = 0.5,
x0 = 0.2, τ0 = 10
−4. Right: Different scaling regimes for
t1 = 0.1 (black, bottom) and ta = 10
7 (green, top), for
α = 0.6, x0 = 1 and Kα = 0.2.
external bias on the FPTD we now add the force F to the
dynamics. In the classical Brownian case, a bias towards
the absorbing boundary leads to an exponential decay of
the associated FPTD, with the mean first passage time
x0mη/F , where η is the friction coefficient. In the non-
aged case with a scale-free distribution ψ(τ) of trapping
times, the FPTD has the power-law form ℘(t) ≃ x0t
−1−α
and the mean first passage time diverges. When the sys-
tem is aged, the method of images with an appropriate
correction factor still applies [20] and we find the FPTD
℘a(ta, t) = h(ta, t)⊗ {⊗
∞
k=1gk(t)} (6)
as a multiple convolution⊗nk=1gk(t) = g1⊗g2⊗· · ·⊗gn(t)
of the function gk(t) = D(α, k)lkα(D(α, k)t) with [25]
D(α, k) =
[(
2T
F
)2k−1(
2
Kα
)k
Γ(3/2)
Γ(3/2− k)k!
]
−1/kα
.
(7)
Here, the temperature T enters due to the competition
between the force F and the thermal energy kBT in-
cluded through the generalized Einstein-Stokes relation
Kα = kBT/(mηα), where ηα is the generalized friction
coefficient [26]. The exact solution involves a double
series with generalized regularized hypergeometric func-
tions [24], from which two scaling forms can be distin-
guished in the limit of long measurement times,
℘a(ta, t) ∼
{
tα−1a t
−α, ta ≫ t
(x0T/[FKα] + t
α
a/Γ(1 + α)) t
−1−α, ta ≪ t
.
(8)
Similar to the result (5) for the first passage in a finite do-
main we obtain the crossover from the measurement time
scaling with exponent 1 + α to α with increased aging,
while the aging time appears explicitly for intermediate
and strong aging. Fig. 3 shows excellent agreement of
our exact result with simulations.
Quenched trap model. The quenched trap model [14]
is often used as a physical model for CTRW processes
with scale-free trapping times. In this lattice model each
site is assigned a random energy value, taken from an
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FIG. 4: Left: Schematic motion in quenched trap model with
energy-dependent transition probabilities 1−p and p for mov-
ing to the left and right. Right: Realization of the tilted
quenched trapped model with Tg = 1, F = 1, and a = 10
−3.
The lattice constant in this Figure is 2, while we chose 0.01
in the simulations for Fig. 3.
exponential density p(E) = T−1g exp(−E/Tg), where we
set the Boltzmann constant to unity. Tg is the system-
specific ‘glass’ temperature setting the scale for the en-
ergy distribution p(E) [14]. A sample realization for such
a quenched energy landscape is displayed in Fig. 4. At
lattice site x the walker faces the trap energy Ex and
needs to escape by thermal fluctuations (Kramers es-
cape). After escaping a trap, the walker jumps to one
of the two nearest sites and is trapped again, see the
schematic in Fig. 4. According to the Arrhenius law the
trapping time at x becomes τx = τ0 exp(Ex/T ), where T
is the bath temperature and τ0 is an inverse microscopic
rate of escape attempts. The combination of the density
p(E) with the Arrhenius law yields the long-tailed dis-
tribution of trapping times, ψ(τ) = µτµ0 τ
−1−µ with the
scaling exponent µ = T/Tg. When T < Tg, the quenched
trap model thus leads to a power-law trapping time den-
sity with diverging characteristic trapping time 〈τ〉 [14].
In the CTRW model individual trapping times τ all
have the same distribution ψ but are independent vari-
ables, such that the system is renewed each time a new
trapping time is drawn from ψ. This annealed form of
the disorder contrasts the quenched nature of the trap
model. A walker that leaves a trap may revisit it during
later jumps, and the ensuing random walk thus exhibits
correlations and is no renewal process. Such correlations
are irrelevant in dimensions three and higher, as random
walks are transient. To avoid such correlations in lower
dimensions we equip the quenched landscape with the
external bias force F [27]. This force tilts the quenched
trap landscape (Fig. 4) and thus minimizes the likelihood
that the walker returns to previously visited sites [14].
Our simulations included an initial aging routine, in
which the walker moves along the lattice in a given real-
ization of the quenched energy landscape with the addi-
tional bias due to the external force F . After the aging
for the period ta, an absorbing site is introduced, which is
placed at a the distance x0 from the walker, independent
of its initial position on the lattice. The resulting first
passage time is recorded, and this computer experiment
4averaged over 105 realizations of the quenched landscape.
The result for the FPTD obtained from the simula-
tions of the quenched trap model matches excellently
with both the exact result and the simulation of the an-
nealed CTRW model, as shown in Fig. 3. We thus expect
that the first passage dynamics of an aged particle to a
surface in unbiased quenched trap landscapes in three di-
mensions can be described by results (4) or (5) depending
on whether the volume is finite or semi-infinite.
Conclusion. In this paper we studied the first pas-
sage dynamics of an aging diffusion process. In the
CTRW model with scale-free trapping time distribution
we showed how aging changes the scaling exponent of the
measurement time t and how the aging time ta appears
in the FPTD. In the semi-infinite case we revealed three
distinct scaling regimes, while on a finite domain and in
the biased case two scaling regimes appear. Our exact
results were demonstrated to agree perfectly with simu-
lations of the CTRW process. In the biased case, the first
passage dynamics measured in the quenched trap model
showed excellent agreement with the CTRW approach.
A general feature observed in our results is that aging
significantly reduces the efficiency of the first passage, as
seen by the decrease of the slope of the FPTD in an aged
system. This reflects a general property of processes with
scale-free trapping times: as the system evolves, longer
and longer trapping times appear on average and lead to
a slowing-down of the dynamics. For free subdiffusion
this corresponds to an effectively time-dependent diffu-
sivity Keff ≃ t
α−1. In the quenched trap model this
would correspond to the particle finding an ever deeper
trap during its motion across the energy landscape.
The first passage time represents one of the most fun-
damental concepts in stochastic processes. In many sys-
tems it is fairly easy to experimentally or numerically
record the first passage dynamics. Our findings presented
here for aged systems complement the classical results for
the first passage dynamics in non-aged systems governed
by scale-free trapping times. In condensed matter sys-
tems such as amorphous semiconductors aging is a rele-
vant concern for applications, as it significantly changes
the first passage dynamics and thus the signatures of the
electrical current. As the age of amorphous semiconduc-
tors can be reliably controlled in experiment [16], such
systems would be ideal to further test the CTRW model
for charge carrier transport. In groundwater systems gov-
erned by scale-free trapping time distributions, the re-
duced first passage efficiency would imply an increased
retention of potentially detrimental chemicals dissolved
in the water. And, finally, in biological systems, aging ef-
fects and the associated population splitting lead to the
progressive immobilization of particles with potentially
relevant biological function [5, 10, 21, 31].
The lack of a characteristic trapping time of both
the annealed aging CTRW process or the motion in the
quenched energy landscape naturally makes the process
non-stationary, a property, that in turn is closely related
to the non-ergodicity of the system [32]. Using relatively
simple experimental methods to probe the first passage
statistics of a system, such as the charge carrier trans-
port in amorphous semiconductors, as function of mea-
surement and aging times would represent a direct way
to determine the non-stationarity of a system.
With the rapid advance of single molecule tracking
techniques it has become possible to diagnose experi-
mentally recorded time series from individual particle
trajectories with respect to the very stochastic mecha-
nism behind the measured anomalous diffusion by vari-
ous complementary tools [28–30, 33–35]. This informa-
tion of the nature of some particle’s dynamics, in par-
ticular, whether it is an ergodic or non-ergodic motion,
then allows one to deduce important consequences for
the systems such as the (ir)reproducibility of experiments
or the dynamics of followup processes like the diffusion-
limitation of reactions. With the characteristic crossovers
between different scaling regimes of the measurement
time t and the explicit aging time dependence the cur-
rent results provide a powerful additional tool to probe
the underlying stochastic mechanism. Moreover, given a
sufficiently wide measurement window our results allow
to read out the actual age ta of the system from mea-
sured first passage data. This would be an extremely
useful information for systems with unknown age.
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